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• Definition. F is called degenerate k-graph if π(F ) = 0.

• Definition. A k-graph G is F-free, if G has NO F ∈ F as a subgraph, where F is a family
of k-graphs.

• Problem. Characterize F with π(F) = 0.

• Kövari-Sós-Turán Theorem(k = 2). For ∀t ≥ s ≥ 2,

ex(n,Ks,t) ≤
1

2
(t− 1)

1
sn2−

1
s +

1

2
(s− 1)n.

Proof. Let G be a Ks,t-free n-vertex graph, we count T =the number of s-stars in G. On
the one hand,

T =
∑

v∈V (G)

(
dv
s

)
,

On the other hand,

T ≤
∑
S∈(VS)

(t− 1) = (t− 1)

(
n

s

)
.

Define

f(x) =

{
0 x < s;(
x
s

)
x ≥ s,

Then by The Jensen Inequality,∑
v∈V (G)

(
dv
s

)
n

≥
(∑

dv
n

s

)
=

(2e(G)
n

s

)
≥ (d− s+ 1)s

s!
,

where d = 2e(G)
n . So

(d− s+ 1)s

s!
≤ 1

n
(t− 1)

(
n

s

)
≤ 1

n
(t− 1)

ns

s!
,

and
d ≤ (t− 1)

1
sn1−

1
s + (s− 1),

thus

e(G) ≤ 1

2
(t− 1)

1
sn2−

1
s +

1

2
(s− 1)n.

• Remark. For any bipartite G, there ∃s and t such that G ⊆ Ks,t, but a G-free graph must

be a Ks,t-free graph, so ex(n,G) ≤ ex(n,Ks,t)) ≤ O(n2−
1
s ).
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• Zarankiewicz Problem. Let Z(m,n, s, t) be the maximum value of e(G), where G is a
bipartite graph with two parts of size m and n, and G is Ks,t-free, then compare ex(n,Ks,t)
and Z(n2 ,

n
2 , s, t).

• Exercise. Z(n2 ,
n
2 , s, t) ≤ ex(n,Ks,t) ≤ 2Z(n2 ,

n
2 , s, t).

• Exercise. Find an upper-bound of Z(n, n, s, t).

• Theorem 1. A family F of graphs has π(F) = 0 iff F contains a bipartite graph.
Proof. (⇐) Let F ∈ F be a bipartite graph, then there exists s such that F ⊆ Ks,s, a
F -free graph necessarily is Ks,s-free, so

ex(n,F) ≤ ex(n,Ks,s) ≤ O(n2−
1
s ),

then
π(F) = 0.

(⇒) Consider F with π(F) = 0. Suppose F has NO bipartite graph, then Kn
2
,n
2

must be
F-free, so

ex(n,F) ≥ e(Kn
2
,n
2
) =

n2

4
,

π(F) ≥ 1

4
,

which is a contradiction.

• Theorem 2. For ∀t, k, π(Kt:k) = 0.
Proof. We prove it by induction on k.
When k = 2, π(Kt,t) = 0 by K-S-T theorem.
Recall the supersaturation lemma: Let F be a k-graph, ∀ε, ∃δ > 0, if G has at least
exk(n, F ) + εnk edges, then G has at least δn|V (F )| copies of F .
Claim: Let H be a k-graph with (d − 1)n + t edges, then H has a subgraph J with min-

degree δ(J) ≥ d and |V (J)| ≥ t
1
k .

Proof of claim: We prove it by greedy algorithm. Let H0 = H, suppose now we have
subgraph Hi, if Hi has a vertex vi with degree≤ d−1, then delete vi, and let Hi+1 = Hi−v,
otherwise δ(Hi) ≥ d and we stop. Let Hm be the subgraph it stops at, let J = Hm, then

e(J) = e(H)−
m−1∑
j=0

dHi(vi) ≥ e(H)−m(d− 1) ≥ t.

Note that we already have δ(J) ≥ d, now |V (J)|k ≥ e(J) ≥ t, so |V (J)| ≥ t
1
k .

Suppose that π(Kt:k−1) = 0, now we want to show π(Kt:k) = 0.
For ∀ε > 0 and n large enough, let G be a Kt:k-free n-vertex k-graph, we want to show
e(G) ≤ εnk. Suppose for a contradiction that e(G) ≥ εnk, by claim, G has a subgraph J
such that

δ(J) ≥ ε

2
nk−1

m , |V (J)| ≥ (
ε

2
)
1
kn
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For ∀v ∈ V (J), consider the link hypergraph Jv of v, then Jv is a (k−1)-graph with (m−1)
vertices and at least ε

2n
k−1 edges. By π(Kt:k−1) = 0 and the supersaturation lemma, we

know that

e(Jv) ≥
ε

2
nk−1 ≥ ε

2
mk−1

≥ exk−1(m,Kt:k−1) +
ε

4
mk−1.

So Jv has at least δm(k−1)t copies of Kt:k−1, ∀v ∈ V (J), then
#{(v,K) : K is a copy of Kt:(k−1) in Jv}≥ δm1+(k−1)t.
For a fix subset X of size (k − 1)t, we have N many ways to partition X into k − 1 parts
of size t, where

N =

(
(k − 1)t

t, . . . , t

)
=

[(k − 1)t]!

t! . . . t!
.

By pigeonhole principle, there ∃ a fixed K = Kt,(k−1) such that there are at least δm
N vertices

belonging to {(v,K)}. Since δm
N � t, we can find v1, . . . , vt such that K ⊆ Jvi for ∀i, thus

G[{v1, . . . , vt}∪V (K)] is a Kt:k ⊆ G, but G is Kt:k-free, this is a contradiction. So for large
n,

e(G) ≤ εnk,

ek(n,Kt:k) ≤ εnk,

then ∀ε ≥ 0,

π(Kt:k) = lim
n→∞

ek(n,Kt:k)

nk
≤ ε,

so π(Kt:k) = 0.
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